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Abstract 



We analyse the most general bosonic supersymmetric solutions of type IIB super- 
gravity whose metrics are warped products of five- dimensional anti-de Sitter space 
[AdS^) with a five-dimensional Riemannian manifold M5. All fluxes are allowed to be 
non- vanishing consistent with 5*0(4,2) symmetry. We show that the necessary and 
sufficient conditions can be phrased in terms of a local identity structure on M5. For 
a special class, with constant dilaton and vanishing axion, we reduce the problem to 
solving a second order non-linear ODE. We find an exact solution of the ODE which 
reproduces a solution first found by Pilch and Warner. A numerical analysis of the 
ODE reveals an additional class of local solutions. 



1 Introduction 



The AdS/CFT correspondence PP is one of the most important developments in string 
theory. It is therefore an important issue to understand the geometric structures un- 
derpinning the correspondence. On the one hand such an understanding can lead to 
new explicit examples where one can make detailed comparisons with the dual field 
theory and which can also suggest further generalisations. On the other hand, and 
more generally, a precise statement of the underlying geometry is the foundation for 
progress without recourse to explicit examples. By analogy, recall that our under- 
standing of Calabi-Yau geometry has been made without a single non-trivial explicit 
compact Calabi-Yau 3-fold metric having been constructed. 

In ref. j2] we analysed the most general kind of solutions of D = 11 supergravity 
that can be dual to a four-dimensional superconformal field theory. These bosonic 
super symmetric solutions have a metric that is a warped product of AdS^ with a 
six-dimensional Riemannian manifold Mg. In order that the S'0(4, 2) isometry group 
of AdS^ is a symmetry group of the full solution, the four-form field strength has 
non-vanishing components only on Mg. We used the, by now, standard technique 
of analysing the canonical G-structure dictated by supersymmetry |31 IH Ej in order 
to obtain necessary and sufficient conditions for supersymmetry. We showed that 
the geometry on Mq admits a local S'?7(2)-structure and that this implies that Mq is 
determined, in part, by a one parameter family of Kahler metrics. 

We further analysed a special sub-class of solutions by imposing the condition that 
Mq is complex and we used the results to construct several new classes of compact 
examples of Mq in explicit form. We showed that one sub-class of solutions leads to 
new type IIA and type IIB solutions with AdSr, factors, via dimensional reduction 
and T-duality, respectively. In particular, the type IIB solutions turn out to be direct 
product backgrounds AdS^ x X5 with X5 a Sasaki-Einstein manifold and only the 
self-dual five-form non-vanishing and proportional to the sum of the volume forms on 
AdS^ and X5 - see [HI El El EI for a general discussion of such backgrounds. This is an 
interesting class of solutions since the dual SOFT can be identified as that arising on 
a stack of D3-branes transverse to the Calabi-Yau three- fold cone based on X5. The 
most well-known examples of five- dimensional Sasaki-Einstein manifolds, and until 
recently the only explicit examples, are and T^'^; the corresponding IIB solutions 
are dual to = 4 super Yang-Mills theory and an = 1 superconformal field theory 
discussed in jHl E] , respectively. The solutions found in j2] led to an infinite number of 
new explicit Sasaki-Einstein metrics on x called Y^''^ jTUI. The dual conformal 
field theories have now been identified ^21 ^1 there have been many further 

checks and developments. The Y^'"^ metrics were generalised to all dimensions in [TT] 
and were recently further generalised to the L"'*''^ metrics in [T^ ITB] (see also [T7]). 

The analysis of [2j covered AdS^ geometries in = 11 supergravity preserving 
A^ = 1 supersymmetry. A refinement of this analysis was recently carried out in ^H] , 
where the additional conditions imposed by A^ = 2 supersymmetry were studied. 

In this paper we will generalise the M-theory analysis of |2] to type IIB string 
theory. In particular, we go beyond the Sasaki-Einstein class and analyse the most 
general bosonic supersymmetric solutions of type IIB supergravity with a metric that 
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is a warped product of AdSr, with M5. In addition we allow all of the NS-NS and R-R 
bosonic fields to be non- vanishing consistent with SO {4, 2) symmetry. Once again, 
following [3 in El, we analyse the G-structure defined by the Killing spinors. We find 
that the most general geometries have a local identity structure, or equivalently a 
canonically defined frame, and we use this to determine the necessary and sufficient 
conditions for supersymmetry. The geometries have a canonically defined Killing 
vector, which corresponds to the U{1) R-symmetry of the dual SCFT. We also show 
that for these solutions supersymmetry implies the equations of motion, just as we 
saw in 0. 

To construct explicit solutions we further restrict our considerations to the special 
case of constant dilaton and vanishing axion with some additional restrictions imposed 
on the geometry. We can then reduce the entire problem to solving a second order 
non-linear ODE. We find one solution in closed form, which turns out to be a solution 
first obtained by Pilch- Warner ^Hj (constructed by uplifting a solution first found in 
five-dimensional gauged supergravity [20] )■ This solution has constant dilaton and 
vanishing axion, but non-vanishing three-forms and self-dual five-form; it has been 
identified fIR as being dual to an = 1 supersymmetric fixed point discovered 
by Leigh and Strassler [23j. A numerical analysis of our ODE leads to a continuous 
family of local solutions. We show that they lead to complete metrics on 5*^, but 
a detailed analysis indicates that neither the three-form fluxes nor the spinors are 
globally defined. It is not clear to us whether or not these solutions can be given a 
physical interpretation. It is also possible that other solutions of the ODE lead to 
interesting solutions, but we leave this for future work. 

The plan of the rest of paper is as follows. In section 2 we outline our conventions 
for type IIB supergravity. Section 3 derives the necessary and sufficient conditions for 
the most general supersymmetric solutions with AdS^ factors. For the convenience of 
the reader, we have summarised the main results, in a somewhat self contained way, 
in section 3.6. Section 4 continues the analysis by introducing local coordinates. The 
discussion of the special class of solutions, including vanishing axion and constant 
dilaton, and the recovery of the Pilch- Warner solution, is presented in section 5. 
Section 6 briefly concludes. We have relegated some technical material to several 
appendices. 

2 Type IIB equations and conventions 

We begin by presenting the equations of motion and supersymmetry transformations 
for bosonic configurations of type IIB supergravity |24t in the conventions given 
in appendix^ Essentially we are following ^], with some minor changes, including 
the signature of the metric. 
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The conditions for a bosonic geometry to preserve some supersymmetry are 
yo 

+ ^^'''^''''Fmp,p.p-sP.^ = (2.1) 

We are working in the formahsm where SU{1, 1) is reahsed hnearly. In particular 
there is a local U{1) invariance and Qm acts as the corresponding gauge field. Note 
that Qm is a composite gauge-field with field strength given by 

dQ = -iP A P* . (2.2) 

Also note that D is the covariant derivative with respect to local Lorentz transfor- 
mations and local U{1) transformations. The spinor e has U{1) charge 1/2 so that 

Dmc = (vm - '-QA?j e • (2.3) 

The field P has charge 2, while G has charge 1. We also have the chirality conditions 
Tii"^ = —i', TiiA = A and Fue = — e. 
The equations of motion are^ 

P ID JD* I ID JD* \ ^ rp TP P1P2P3P4, 

J^MN — ^M^N + ^N^M + MPiP2PzPa^ N 

yo 



G*NP^P2 + Gn^^^'^GIjp^p^ - -^QmnG^^^'^^^G^p^p^ 



T^P n tdP/^* ^ TP /^PlP2P3 

U ^MNP — -T ^MNP ~ 7:^ MNPiP2Pz'^ 



p,Mp _ ^ r r^^P^Ps 
F = *ioF . 

We also need to impose the Bianchi identities 

DP = 

DG = -P A G* 

dF = ^GA G* 



(2.4) 



(2.5) 



Note that in the usual string theory variables we have, following 

P = ^e*dCW + id0 

Q = -ie<^dC(°) (2.6) 



^The sign in the third equation differs from that of |21]: we fixed it here by studying the inte- 
grabihty conditions for supersymmetry, as discussed in appendix IDl 



3 



and we observe that the Binachi identity DP = is identically satisfied. In addition 

G = ie'^/2^rd5-dC(2)) (2.7) 

(taking into account a sign difference between our G and that in [2E1)- In these 
conventions, according to j^Hl, the SL{2,M.) action is 

where r = C^°^ + ie""^, with the Einstein metric and the five-form left unchanged. 

3 The conditions for supersymmetry in o? = 5 

We consider the most general class of bosonic supersymmetric solutions of type IIB 
supergravity with S'0(4,2) symmetry. The d = 10 metric in Einstein frame is taken 
to be a warped product 

dslo = e^^ [ds^AdS^) + dsl] (3.1) 

where ds'^{AdS5) denotes the metric on AdS^, normalised so that its Ricci tensor is 
—Am? times the metric, and ds\ denotes an arbitrary five-dimensional metric on the 
internal space M5. A is a real function on this space, A G Vt^{M^,W). We also take 
P e ^]l(M5,C), Q e n^{M5,R), G e n^iM^X) and 

F={Yo\AdSs+yok)f (3.2) 

where V0I5 denotes the volume form on M5 and / is a real constant to ensure that 
the five-form Bianchi identity (or equation of motion), dF = 0, is satisfied. 

For the geometry to preserve supersymmetry it must admit solutions to the Killing 
spinor equations ()2.H) . To proceed we construct the most general ansatz for the 
spinor e consistent with minimal supersymmetry in AdS^. As explained in detail 
in appendix e is constructed from two spinors, ^i, of Spin{5) combined with a 
Spin{4:, 1) spinor ip satisfying V^V' = ^mpfj_ip on AdS^,, where generate Cliff (4, 1). 
After substituting this spinor ansatz into 1)2.11) . one eventually obtains two differential 
conditions 

DUi + ^ (e-'^/ - 2m) 7^6 + ^e-2^G^„p7"^6 = (3.3) 

Dm^2 - (e-^^/ + 2m) 7^6 + le-'''G*^npr'^i = (3.4) 
and four algebraic conditions 

7'"9„Aei - ^e-2^7'"'^"G^np6 - \ {e-'^f - 4m) 6 = (3.5) 

7'"9„A6 - j^e-'S-'-'Gl^^A + (e-^^/ + 4m) 6 = (3.6) 

7"'Pm^2 + ^e-2^7"^""^^^^^ = (3.7) 

7"^Cei + ^e-2^7™"^G;,p6 = (3.8) 
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where 7"^ generate Cliff(5) with 712345 = +1- 

It is interesting to consider first the special case where one of the two spinors, ^2 
say, is identically zero. It is then easy to see that the warp factor must be constant 
and related to / by / = 4me^^. Hence the metrics are direct products of AdS^ with 
a five-manifold. In addition we deduce that 



. (3.9) 

The first two conditions imply^ that G = 0. Next, the third condition implies = 0. 
Writing this out in terms of the axion and dilaton, using (j2.6p , the imaginary part says 
that dC^^^-d(j) = 0. The equation of motion for C'^^^ then says that it is harmonic. Now 
on a compact manifold, which is the case of most interest for AdS/CFT applications, 
we deduce that C° is constant. The equation of motion for the dilaton then implies 
that the dilaton is also constant, for the same reason. The last condition in ()3.9j) then 
leads us back to the well known AdS^ x X5 solutions where X5 is Sasaki-Einstein. 

More generally, we can enquire whether it is possible to have solutions preserving 
supersymmetry with both no n- vanishing but linearly dependent. In fact this is not 
possible as we show in appendix O Note that this implies that the only solutions 
with compact M5 having a local SU{2) structure (determined by supersymmetry), 
rather than an identity structure to be considered next, are Sasaki-Einstein. 



G* 7''P£i = 
m 



3.1 The identity structure 

We now turn to the main focus of the paper: supersymmetric solutions with 
generically linearly independent. We first note that, in neighbourhoods where 
are generic, they define, locally, an identity structure^, or equivalently, a canonical 
orthonormal frame e"". One way to see this is that the set of spinors {^1, ^2, ■Ci? ^2} 
generically form a complete basis for the spinor representation of Spin{5). 

Equivalently, this structure can easily be seen by noting that there are six real 
vectors that can be constructed from two non- vanishing spinors. These can be written 
as 

- - f3 10) 

KT ^ i (ei7'"ei - 67™^) ^ ■ ^ 

^ \ (ei7™ei + 67'"6) 

where the first two are complex and the last two are real. Since we are in a five- 
dimensional space they cannot be linearly independent. Using Fierz identities one 

^It is the same calculation that is used to derive (|3.18|) below. 

^An alternative, but equivalent, point of view is that the spinors ^1 define an SU{2) x SU{2) 
structure on TM5 T*M5, in the sense of Hitchin [JT] (see also |28[ I29p. However, we will not 
adopt this language in the present paper. 
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finds that there is a single linear relation 



e^'e^' (a7"^eO - 2 Re (6^?) (^^"6) = (3.11) 

leaving five independent vectors. From these, given the norms of the vectors, one can 
build an orthonormal basis e" defining the identity structure. The relation between 
the vectors and a particular useful basis is given in appendix El Again by Fierz 
identities, one can write the norms of the vectors in terms of the six independent 
scalar bilinears. These can be parameterised as 

Asinc = i(eiei-66) .3^21 

s ^ elei 
z ^ 6^1 

where the first two are real and the second two are complex. In summary, these 
vector and scalar bilinears define the identity structure. 

We now aim to find the conditions on the identity structure and on the fiuxes 
that are equivalent to supersymmetry. This calculation falls into two parts. First 
one considers the differential conditions ()3.3j) and ()3.4|1 . This is equivalent to giving 
the intrinsic torsion, or here since we have an identity structure, the torsion itself, in 
terms of the fiux, /, m and the warp factor A. The same information is contained 
in the exterior derivatives of the canonical orthonormal frame e"^, which is in turn 
encoded in the exterior derivatives of the vector and the scalar bilinears. The second 
step is then to find necessary and sufficient constraints on the structure due to the 
algebraic conditions ()3.5|) - ()3.8p . 



3.2 Torsion conditions 

In calculating the torsion conditions it is convenient to work not with the exterior 
derivatives of a particular orthonormal basis e*", but rather the exterior derivatives of 
the vector and scalar bilinears defined above, which are completely equivalent. The 
results of appendix |Bl then provide a translation to if required. 

We start by calculating the derivatives of the scalar bilinears. Making use of the 
algebraic conditions ()3.5|) - ()3.8j) . one finds first that A is constant, dA = 0. Thus we 
can consistently set 

A=l. (3.13) 

The remaining scalars then satisfy 

d(e^^sinC) = (3.14) 
e-^^d(e^^5) = 3imK (3.15) 
e-^^D{e^^Z) = -PZ* . (3.16) 
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Next we turn to the vectors. Again with some judicious use of the conditions ()3.5|) - 
(|3.8|) . after some work we find that the differential constraints (|3.3|) and (j3.4p imply 



d(e^^X) 


= 










= P A K* 


- AimW 


-e-2^ 


*G 


e-^^d(e^^ir4) 


= -2mV 








e-«^d(e8^K5) 


= e-^^/V 


— 6mU - 


- Re (e" 


-2A ^* 



(3.17) 
(3.18) 
(3.19) 
(3.20) 



where we have introduced the two-forms 



if^mn = I (^l7mn^l + ^27mn^2) 

iVmn = \ {illmnil " 67mn6) (3.21) 

which can, of course, be rewritten in terms of the basis e™ (see appendix El) and 
hence the scalar and vector bilinears. Doing so, or using Fierz identities, and given 
that A = 1, one finds the identity 

sin (V-U-^K* AK + Re[iZ*W] = . (3.22) 

We note first that the first differential condition ()3.17p is in fact implied by the 
scalar condition ()3.15|) . Next we recall that the six vector bilinears are not indepen- 
dent. The linear relation p.lip implies that 

= sin CK4 + Re[Z*K3] - Re[S*K] (3.23) 

where we have again used the fact that A = 1. Taking the exterior derivative of ()3.23p 
and comparing with dK^ in (j3.2(jp gives the consistency condition 

{e-^^^f + 2m sin QV = QmU - Am Re[iZW] + 3imK* A K . (3.24) 

However, the two-forms above are linearly related; in particular they obey the iden- 
tity (|3.22p . To be consistent with this identity we require, first, that 

e-4^/ = 4msinC (3.25) 

fixing the integration constant in the differential condition (j3.14j) (In fact, it is 
straightforward to show this relation holds, directly from the algebraic constraints ()3.5|) 
and ()3.6|) ). Secondly, we also require Re[iZ*iy] = 0. Using the explicit expression 
for W (see appendix^, it is easy to show that this implies the important condition 

Z = . (3.26) 

This condition simplifies considerably the algebraic and differential conditions obeyed 
by the bilinears. 



7 



In summary, the torsion conditions ()3.3p and ()3.4|) are equivalent^ to 



e-4^/ = 4msinC, A = 1, Z = (3.27) 

together with the differential conditions 

e-^^d(e^^S) = 3imi^ (3.28) 

e-^^Die^^Ks) = P A K; - AimW - e'^^ * G (3.29) 

e-®^d(e^^if5) = 4m sin (V^ - 6mf/ . (3.30) 



(We drop the dK^ condition since the linear dependence means it is implied by the 
other vector bilinear conditions.) As expected, starting with the work [30j and others 
following this (in particular, see ISB 1321 tHHl Elj), we note that these differential 
conditions are written in a form reminiscent of "generalized calibrations" j35| IHHj . 

3.3 Algebraic conditions 

Next we turn to the algebraic conditions (j3.5|) - (j3.8j) . We would like to find the 
equivalent algebraic conditions relating the identity structure, P, G, /, m, and A. 
The simplest way to do this is to note that, as mentioned above, generically the set 
'Ha £ {^1)^2,^1,^2} form a complete basis in the Spin{5) spinor representation space. 
Thus we can construct the identity operator 

1 = Va{m-'r% (3.31) 

where niafs = VaVfi- 

Next, using the fact that •jmnpG"^"'^ = — 3 * Gmnl"^"' one rewrites the algebraic 
conditions in the form 

e-'^*G™„7™>a = ^Jvp ■ (3.32) 

Using the completeness relation ()3.31|) . we see that the algebraic conditions are equiv- 
alent to an operator equation 

e''^ * G^n7"^" = ^a'{rn-'r%vp . (3.33) 

Performing Fierz identities on rj^yfjis one gets three types of relations. From the 1 
coefficient one finds 

iK'.P = 2tK,dA . (3.34) 
The 7™ coefficient gives three additional conditions 

iK.dA = (3.35) 
tK,P = (3.36) 
e-4^/ = 4msinC (3.37) 

^Note we have also used some of the algebraic conditions H3.5|l - H3.8|l . 
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where the final expression has aheady appeared as a consistency condition ()3.25|) . 
The 7"*" coefficient meanwhile gives an expression for the ffux *G 

(cos^C -1^1') 6-2^*6- 

= 2P A K; - (4dA + iiniK^ - 4im sin (K5) A K3 (3.38) 
+ 2*{PAK;aK5- 2dA AK3A K5) . 

In deriving this last expression one uses the identities 



S*eili2)^i = (1 + sin ()W- {K, + K^) A K3 
3*^21(2)^2 = (1 - sinC) W* - {K, - K,) A K; . 



(3.39) 



For completeness, we also note that, with Z = 0, the two-forms U, V and W are 
given by 

U = 2(^cosH-\S\^) AK;+iKAK*-2 lmS*K A K,), 

2smC(cos2C- I^P)^ ' (3.40) 

+ i[sm\ + \S\^]K A K* -2lmS*K A K5), 

^ = — V7 L ( cos' C^5 + Re 5*K + i sin C Im S*K) A K^. 

smC(cos^ C ~ I'-'l ) 

In summary, the algebraic conditions ()3.34|) - ()3.38|) . together with ()3.27p and ()3.28p - 
()3.30|) . are equivalent to the Killing spinor equations ()3.3|) - ()3.8|) . 



3.4 The Killing vector 

We now show that is a Killing vector and, moreover, it generates a symmetry of 
the full solution. This corresponds to the fact that the dual D = A superconformal 
field theories have a global U{1)r symmetry. While the Killing condition is implied by 
the necessary and sufficient conditions ()3.28|1 - ()3.3()|1 and ()3.34j) - ()3.38j) . the simplest 
derivation is directly from the spinor conditions ()3.3j) - ()3.8|l . Calculating V-R's, one 
can easily show that the symmetric part vanishes and hence is Killing. 

We next compute its action on the remaining bosonic fields. From ()3.35p we 
immediately see that 

CkA = (3.41) 

and hence, by (|3.37|) . C-k^X = 0. From (j3.36|) . given the expression (j2.6j) for P, one 
also immediately has 

CkJ = Ck.C^''^ = ^ Ck,P = . (3.42) 

Finally, we need to consider Ck^G. This can be calculated directly from the expres- 
sion ()3.38p for *G. To do so we need to know the action of the Lie derivative Ck^ on 
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the scalar and vector bilinears. One finds that all the bilinears are invariant except 
for 

Ck^^S = -3imS , (3.43) 
(and hence also Ck^K = —3imK). This implies CxsiSS*) = and thus, from ()3.38|) . 

Ck,G = . (3.44) 

We thus see that the Killing vector does indeed generate a symmetry of the full 
solution. 

3.5 Equations of motion 

We now show that the conditions we have derived for supersymmetry automatically 
imply the equations of motion and the Bianchi identities. 

We first recall that DP = follows automatically from the expression for P in 
terms of the variables ()2.6|) . Also, our ansatz has dF = by construction. Next, 
from ()3.29|) (and using ()3.37|) ) we find 

D(e4^ * G) = e^^P A *G* - ifG (3.45) 

which is just the G equation of motion. The easiest way to show that the G Bianchi 
identity is also satisfied is to derive a differential condition for W directly from spinor 
conditions (j3.3|) - (|3.8|) . One finds 

Die^'^W) = -e^^P AW* + {f/Am)G . (3.46) 

Taking a derivative with D then reproduces the Bianchi identity for G. 

In appendixiniwe consider the integrability conditions for the Killing spinor equa- 
tions. Assuming that the P, G and F Bianchi identities, together with the G equa- 
tion of motion are satisfied, one finds that a supersymmetric background necessarily 
satisfies the P equations of motion. Moreover, all but one component of Einstein's 
equations is automatically satisfied. In appendix Owe also show that this component 
is satisfied in the present case, so we can conclude that: 

For the class of solutions with metric of the form l\3.1]) and fluxes respect- 
ing 5*0(4, 2) symmetry, all the equations of motion and Bianchi identities 
are implied by supersymmetry. 

A similar situation was found to hold for the supersymmetric AdS^ M-theory solutions 
of [2]. Clearly, this is very useful for constructing solutions. In fact, it is often the 
Bianchi identities that are the difficult equations to satisfy. 

3.6 Summary 

Let us end by summarising the necessary and sufficient conditions for the generic 
supersymmetric solution with metric of the form ()3.H1 and fluxes respecting 5*0(4, 2) 
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symmetry. M5 must admit an identity structure defined by two spinors ^1,^2 which 
determine the preserved supersymmetry. The scalars A and Z defined in (|3.12j) are 
given by A = 1 and Z = 0. The identity structure can then be specified by a real 
vector f^s, and two complex vectors K, K3 defined in fl3.10p . along with a real scalar 
( and a complex scalar S defined in fl3.12p . These satisfy the following conditions 

e-^^d(e^^5) = 3imK (3.47) 
Q-e^Die'^^Ks) = PAK;- AimW - e'^^ * G (3.48) 
e-^^d{e^^K^) = 4m sin (V - 6mU (3.49) 

and the additional algebraic constraint 

iK*P = 2iK3dA. (3.50) 

The five-form fiux is given by ()3.2|) with 

/ = 4me^'^sinC (3.51) 

while the three-form fiux is given by 

(cos^C-l^l') e-2^*G 

= 2P A K; - (4dA + 4imKi - 4im sin (K5) A K3 (3.52) 
+ 2 * (P A iCg* A i^s - 2dA A K3 A K^) . 

The metric can be written (using results in appendix IB]) 



= sin\+|gp + cosH-|gP '' -^- '-'- ^'"^ 





\S\ 


2 


COS^ 1 


c- 




\S\ 


2 



+ 



cosH-I^P '^+sin^C+I^P ^ 



2 



(3.53) 



sin C 

The conditions imply that is a Killing vector field that generates a symmetry 
of the full solution: Lk^IS. = ix^P = Ck^G = 0. Furthermore, all equations of motion 
and the Bianchi identities are satisfied. 



4 Reducing the conditions 



It is now useful to introduce some convenient local coordinates and hence reduce the 
conditions to a simpler set. We will first reduce on the Killing direction K5 and then 
use the condition ()3.47|) to write the resulting four- dimensional metric as a product 
of a one-dimensional metric and a three-dimensional metric g. The problem then 
reduces to a set of conditions on the local identity structure on g. 

We begin by choosing a coordinate ip that is adapted to the Killing direction K^. 
As a vector, we write 



K* = 3m^ (4.1) 
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and therefore as a one-form 

K^ = ^cos\{d'4j + p) , (4.2) 

where cos 77 is the norm of i^s, given by cos^r] = sin^ C + I'S'P- (Note that in the 
conventions of appendix = 20.) 

Let us now turn to (j3.47p . The dependence of S' on -0 is given by the Lie deriva- 
tive ()3.43p which is solved by S* = e"^^^, where the complex scalar 5* is independent 
of Noting that there is a gauge freedom in shifting the coordinate -0 by a function 
of the remaining coordinates, we take S to be real, without loss of generality. It is 
then natural to introduce a coordinate A such that 

5 = sinCAe-^'^ , (4.3) 

where the factor of sin C, is added for convenience so that ()3.47p now reads, given ()3.51|) . 

S-^K = — ^(dz/^ + idlnA) . (4.4) 
3m 

Note that in these coordinates we have 

. . cos?7 

^^^^= (l + A^)i/2 ' (4.5) 

and it is convenient to switch to 77, ip and A instead of the scalars C, and S. 
For convenience let us also define a new complex one-form a by 

= a /3m . (4.6) 

Using the results contained in appendix El one can write the underlying orthonormal 
frame as 

3m = cos r] {d-ip + p) , 
3m = A cot rj p , 

3m(-ie=^ + e^) = ^ a , (4-7) 
sin 77 

= (1 + p)i/2 dA ■ 

Now since Ck^^p = C-K.^cr we can always choose coordinates (■?/', A, x*) such that p 
and (J are independent of dA. (One first reduces on the Killing direction to a four- 
dimensional metric, independent of if), spanned by e^, e^, and e^. Then given 
~ dA one can always make a four-dimensional coordinate transformation such 
that there are no cross-terms dAdx* in the metric.) Thus the five-dimensional metric 
has the form 



Wdsg = cos^?7(d?/; + p)^ + ^-p-^dA^ +^ij(A,a;*) da;Mx^ , (4.^ 



where the three-dimensional metric g is given in terms of a and p 



gij{\, x') dx'dx^ = A^ cot^rip'^ + . (4.9) 

sin 7] 
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In summary, we have reduced the problem to a three-dimensional metric g with 
a local identity structure given by (p, a, a*) which also depends on the coordinate A. 
In addition, there is one remaining scalar 77. (Note that A is given in terms of 77 and 
A using ()3.51|) and ()4.5p .). In making this reduction we have used ()3.47p and the fact 
that is Killing. It remains to translate the remaining conditions ()3.48p and ()3.49|) 
into conditions on p and cr. 

Let us first split 

d = d + dA| + d^A ,4.10) 

where d = dx'^d/dx^. Similarly we write 

P = P + Pxd\, (4.11) 
recalling that ix^P = 0. Writing d\ = d/dX, the condition (j3.49j) is equivalent to 



_ 2(1 + 2sin'r/)A 
3sin2ry(l + A2)^' 

3sm 7] cos 77(1 + A"^)^/"^ 



(4.12) 



Similarly the condition (j3.48|) reduces to 

sin^e-^^D.(e^^a) = (^Ad,A - |^^) ^ - (l + cos' v) Px^* 

2 COS^ 71 / ~ ~ \ 

sin^ 7] e-^^iD{e^^a) = 4dA A a - {l + cos^ r]) P A a* 

- 2iA(l + X'^y/' cos rip A {2dxA a + Px a*) . 

The only remaining condition is the algebraic relation ()3.50|) which reads 

i„,P = 2i^dA . (4.14) 

In summary, one needs to solve ()4.12jl and ()4.13|1 subject to ()4.14|) . This concludes 
our analysis of the most general AdS^ geometries arising in type IIB supergravity. 



5 A simplifying ansatz 

In order to find explicit solutions to these equations we will now make a particular, 
very natural, ansatz. First we assume that the dilaton is constant and the axion zero, 
P = 0. Then we assume that the one- forms (p, a) are (locally) proportional to the 
left- invariant one- forms on S^, that is 

p = Aa-i , 

a = B[a2 - icTi) . 
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(Note that with this choice o"2, (J3) define the same orientation as {e^ , , e'^) .) 
Exphcitly we can introduce coordinates = dy — cos ad/3 and ai = — sin yda — 
cos 2/ sin ad/3, (T2 = cos yda — sin y sin ad/3. In addition we assume that the functions 
A, B and r] all depend only on A. As we will see this ansatz means the metric has a 
local SU{2) X U{1) X f/(l) isometry group. 

We find that the entire analysis then boils down to solving a second-order non- 
linear ordinary differential equation. Furthermore, we find one exact solution to this 
ODE which after a change of coordinates turns out to be precisely a solution first 
found by Pilch and Warner jl9j. Our numerical investigations of the ODE lead to 
a one parameter family of local solutions, which do not extend to globally defined 
solutions, as we will discuss. 

We start by introducing two functions 



h = -A{l + \^) , 

1 (l + A2)i/2 



9 



sinC 



cos?7 



To satisfy the d-equation in ()4.12j) one requires 

-?,h{g^ - 1 - A2) 



B 



29' 



1/2 



This implies that the metric takes the form 



(5.2) 



(5.3) 



Om^ dsl 



1 + A2 

9^ 

+ 



dip 
1 



h 



9' 



A2 



dA^ + ^.V3^)+|(.? + . 



(5.4) 



and it is clear that the metric has a local SU (2) x U{1) x f/(l) isometry group. (Note 
that af + ai is just the round metric on 5*^.) The c^A-equations in ()4.12|) and the 
conditions ()4.13p all reduce to a pair of coupled first-order differential equations for 
g and h, namely 

2\h 1 



h 



9 



Xh 



3 9' 



1-A2 



(5.5) 



1-A^ 



where the dot denotes d\. These are equivalent to a second order ODE for which 
reads 



g\{g^ - 1 - A^) + g{g'' + 2Xgg) = . 



(5.6) 



Any solution to these equations gives rise to a (local) supersymmetric solution with 
an AdS^ factor and non-trivial 3-form flux. 
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For completeness we note that the flux is given by 



G 



J_ 

Am 



1/2 



mg 



1/2 



4X^gh-3{l + X^){g^-l~X' 
A(l + A2)i/2^/i 



,15 



g(l+A2)V2 Xh 



-,12 



(5.7) 



A (e^ - ie^l 



One can also integrate this expression to give the complex potential A in a relatively 
simple form ()E.7|) . Note also that the equations ()5.5|) are symmetric under A — ^ —A, 
g — »• —g and h —h. 



5.1 Pilch— Warner solution 

We managed to flnd a single analytic solution to (j5.5|) given by 



(5.^ 



We now show that this is locally the same solution flrst found by Pilch and Warner 
[T^ . To see this we take the range of A to be < A < \/3 and change coordinates via 



A 

y 



VSsin^^ 



7 + 



(5.9) 



Also deflne corresponding set of left-invariant forms = d'j — cos ad/5 and o"i 
— sin •yda — cos 7 sin adp, a2 = cos -yda — sin 7 sin ad/5. 
Then the metric can be written as 



i9m^)dsl 



6d9^ + 



+ 4 



+ 



6sin2(2^) 
(3 - cos(2e)) 

2 cos^ e 
3 - cos(2^) 



2^3 



6 cos^ 6 
3 - cos(2^) 



(a,2 + al) 



0-3 



(5.10) 



which is the form of the metric as written by Pilch and Warner. Note that in the 
new coordinates the canonical Killing vector takes the form = {l/2)dfp — d^. The 
warp factor is given by 



2A 



Am 



1/2 



(3 - cos 29) 



1/2 



(5.11) 



In the new orthonormal frame with oc [d</) + ...], oc (J3, oc di, oc (3"2, the flux 
is given by 



G = mv^e^^e-^ ( + i ^"^""'^ 

73(3 - cos 2^) 



(e5_ie2)(e4_ie3 



(5.12) 
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which coincides with (121 (^P possible factors). 

The fibration defined by defines, locally, a four- dimensional base space. How- 
ever, it is easy to see that there is no choice of the range of coordinates (f) and ip that 
makes it a regular four- dimensional manifold. The same is true of the base space 
defined by the foliation using dy. We therefore introduce a new set of coordinates 
defined by 

7 = 7' + <5. (5.13) 

Then the metric takes the form 

n 2 1 2 fii/)2 , I2siv?2e , 2 , 3(l + cos20) . 2 , / /^2^ 
'"^^^^ = + 35-3cos^2g ^"^^ + 3-cos2g ^^"^^ + ^'^^ ] 

2(35-3cos2 2^),,^ 

where o"^ are the left invariant one-forms a-i above with 7 replaced with 7' and the 
one-form A is given by 

_ (l + cos2g)(ll-3cos(2g)) , 
^" (35-3cos2(2e)) ^^-^^^ 

If we choose the period of 7' to be 47r then it is not difficult to see that the four- 
dimensional base orthogonal to ds is diffeomorphic to CP^. In particular at 6' = the 
metric has a two-sphere bolt, with normal neighbourhoood being that of the chiral 
spin bundle of S*^, while at ^ = 7r/2 the metric has a NUT, i.e. it smoothly approaches 
M.^. The full space is obtained by gluing these together which gives CP^. Furthermore, 
we note that the single non-trivial two-cycle of the base space is represented by the 
two-sphere bolt at 6* = 0. We next analyse the fibre direction d^. First note that the 
norm of this Killing vector field is nowhere vanishing. The one-form A is a bona-fide 
connection one-form; its first Chern class, defined by the integral of dy4/(27r) over the 
two-sphere bolt, is one. After recalling the Hopf fibration of over CP^, we conclude 
that if we choose the period^ of 5 to be 2ti the topology of the five-dimensional space 
is in fact S^. 



5.2 Numerical analysis 

A numerical investigation of the ODE seems to reveal a continuous family of solutions 
containing the PW solution and all with topology . We summarise the main points 
first and then discuss how the three-form fiux and the spinors are not globally defined. 

Following on from our discussion of the PW solution, we first consider the general 
coordinate transformation 

= 25 

y = 7' + c5. (5.16) 

^For completeness we note that the periodicities of S and 7' imply that y is a periodic coordinate 
with period An while the range of tp is 47r. 
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The metric then takes the form 

(9m^)d.^ = A[d6 + Da'.r + _ ^ _ + Q(a^)^ + -((al)^ + {a',)') (5.17) 
where 

-4A^ - 8A2 + 4A2t,2 + 4A2/ic + 4g^-4 + Ahc + h^c^g^ - Ahcg^ - h?^ 



A = 



Q 



{g^-l- \^)g^ 



D 



-4A4 - 8A2 + 4A2^2 + 4p/^c + 4^^ _ 4 + 4/^^ + h^c^g"^ - Ahcg^ - h^c^ 

{2\^ -2g^ + 2-hc+hcg^)h 

-4A4 - 8A2 + AX^g^ + AX^hc + 4g^-4 + 4hc + h^c^g^ - Ahcg^ - h^c^ ' 

(5.18) 



where c is an arbitrary constant. 

Now at A = we have the two parameter family of approximate solutions 

g = 1 + PF + ... 

h = -l-—f-P+... (5.19) 

p 3p{2-p)(3 ^ ^ 

for < p < 2. This includes the exact solution when p — 1 and P — l/y/S- 
For these solutions, near A = we get 



(5.20) 



We see that, for a given solution specified by p,P, this is regular, with a two-sphere 
bolt, provided that the period of 7' is correlated with c. For example, it will be useful 
to observe shortly that the period of 7' can be taken to be Att provided that c = 3p — 4 
or 4 — p. 

In order to mimic the PW solution, we would hke to match these solutions onto 
solutions with h{lc) — for some Ic- Consider then the one parameter family of 
solutions^ 

9 l^ + ^eJ 3(1 + /2)l/2^+ 27(1 + /2)3/2^ 



18/2(1 +/2)l/2- 



^Note that there is also a two parameter family: 

6 



h = Ae^/^ + ..., (5.21) 
but h/g, and hence the size of the two-sphere, diverges at e = 0. 
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with e = Ic — I, which also includes the exact solution when = V^- 

Now consider the behaviour of the metric for these solutions (|5.22j) near A = Ac- 
We get, for all a, 

(W)d.^ = 4[d<5 + Da',r + ^de^ + ^[(aO^ + (a',)' + (4)^] (5.23) 

with D (X e. This is regular provided that we take the period of 7' to be An. We can 
now numerically integrate these back to A = 0. The numerical analysis indicates that 
they map onto a one parameter subset of the solutions (j5.19|) . with 3/2 < h{0) < 2 
i.e. 4/3 > p > 1. Thus we see that if we choose c = 3p — 4 or 4 — p, then the base 
of the fibration defined by ds is regular and has the same topology as CP^ (see the 
discussion above for the Pilch- Warner solution). Furthermore, the numerical analysis 
reveals that A never vanishes and that D only vanishes at Ac in the way described 
above. We next note that integrating (l/27r)d(il'cr3) over the two-sphere bolt at A = 
gives 2D{0) = ±l/(p — 2). Thus by choosing the period of 6 to be 27r/(2 — p) we 
deduce that the topologies of this one-parameter family of solutions, generalising the 
Pilch- Warner solution, are all S^. 

There are some problems with this family of solutions, however. Firstly, from 
(|4.3j) . the spinor bilinear S satisfies S = {X/g)e~'^^^. For this to be well defined 
we need the period of 6 to be an integer times vr. However, for 4/3 > p > 1 this 
is only possible for the PW solution with p = 1. The second problem concerns 
the expression for the flux ()5.7p . For this to be globally well defined we should be 
able to write it in terms of globally defined one-forms d6 and a^. Note, however, 
— ie^ ~ o"2 — io"! = e^'^^(cr2 ~ i'^i)' which requires c to be an integer to be globally 
defined, and for 4/3 > p > 1 this is again only possible for the PW solution which has 
c = —1 or 3. Note that this phase in the expression for the complex three-form flux 
cancels out in the energy momentum tensor and this is consistent with the fact that 
the metric is globally defined on S^. We note that in appendix F, blindly ignoring 
these problems, we have calculated the central charge of the putative dual conformal 
field theories by determining the effective five-dimensional Newton's constant. 

Thus, to summarise, we conclude that these numerical solutions for the ODE give 
rise to a regular metric on 5*^ but they do not give rise to a globally defined solution 
since the three-form flux is not globally defined. Moreover, the Killing spinors are 
also not globally defined. As discussed in appendix F, the five- dimensional Newton's 
constant is, remarkably, analytic for this family. In particular, the Newton's constant 
is a monotonic decreasing function of p for 1 < p < 4/3. However, the results of 
a-maximisation jl^ in four- dimensional superconformal field theories imply that the 
central charges are always algebraic numbers. Indeed, in the current setting it is nat- 
ural to expect a quantisation condition on p to come from imposing well-definedness 
of the spinors and flux. As we have shown, there are in fact no solutions to these 
conditions. It seems possible that, nevertheless, there is some physical interpretation 
of these solutions. Alternatively, we hope that by slightly relaxing our assumptions 
new globally defined solutions can be found. 



18 



6 Conclusions 



The main result of this paper is a determination of the necessary and sufficient con- 
ditions on supersymmetric solutions of type IIB supergravity that can be dual to 
four-dimensional superconformal field theories. The ten-dimensional metric is taken 
to be a warped product of AdS^ with a five-dimensional Riemannian metric and we 
allowed for the most general fiuxes consistent with 5*0 (4, 2) symmetry. Excluding the 
well known AdS^ x solutions where X5 is Sasaki-Einstein and only the self-dual 
five-form is non-vanishing, we showed that the generic compact M5 admits a canon- 
ical local identity structure. We showed how supersymmetry restricts the torsion of 
this structure and how it determines the fiuxes. 

By imposing some additional restrictions, including that the dilaton is constant 
and the axion vanishes, we reduced the conditions to solving a second order non- 
linear ODE. We managed to find an analytic solution of this ODE and showed that 
it reproduces a solution found previously in |19^ . It would be nice to find the general 
solution of this ODE but our numerical analysis is not encouraging that there are 
further globally defined solutions in this class. It would be interesting to know if 
the local solutions that we found have a physical interpretation. More generally, it 
may well be possible to find new exact solutions by slightly relaxing some of our 
assumptions. 

While this work was being completed, two papers appeared where new classes 
of AdS^ solutions of type IIB were discovered. In fact the construction of these 
solutions was one of the original motivations of this work. In [37j numerical evidence 
for a family of solutions interpolating between the PW solution and the AdS^ x T^'^ 
solution were found. In [SB] a powerful technique to generate new AdS^ solutions 
from old ones, which describe the so-called /3-deformations of the original conformal 
field theory, was presented. It would be interesting to see how these solutions fit into 
the formalism presented here. It would be particulalry interesting if the results of 
this paper could be used to find AdS^ solutions corresponding to exactly marginal 
deformations more general than the /5-deformations. 

We only considered solutions preserving minimal = 1 supersymmetry. This 
includes geometries preserving N = 2 supersymmetry as a special case, but it would 
be interesting to determine the additional restrictions on the identity structure that 
are imposed by = 2 supersymmetry. Hopefully, these will be strong enough that 
further exact solutions can be found. Recall that in the context of D=ll supergravity, 
the analysis of j2] covered AdS^ geometries preserving = 1 supersymmetry. A 
refinement of this analysis was carried out in |TH|, where the additional conditions 
imposed by A^ = 2 supersymmetry were studied. It is interesting to note that a 
double wick rotation of these geometries in [TH] were shown to be related to quite 
different physical phenomena, and this may also be the case for the analogous type 
IIB supergravity solutions. 

Our analysis has focused on the local identity G-structure on M5, as this is most 
useful for obtaining explicit solutions. Of course the category of families of solutions 
that can ultimately be found in explicit form is presumably quite small. We also view 
our work as providing the foundation for studying more general aspects of conformal 
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field theories with type IIB duals. For example, it would be interesting to know what 
topological restrictions supersymmetry imposes on M5. To tackle this, one could try 
to determine the global G-structure that M5 admits. A converse result of the form 
that M5 satisfying certain topological restrictions always admits a solution would be 
most desirable. It would be also very interesting to see if there is a generalisation of Z- 
minimisation jSH] (see also HTl H^ ). a geometrical version of a- maximisation 
in the toric Sasaki-Einstein setting, to the more general class of geometries analysed 
here. 
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A Conventions and useful formulae for reduction 

The ten-dimensional metric has signature (— ,-|-,...,-|-). The ten-dimensional gamma 
matrices F"^ satisfy 

[r^r^]^ = 2r/^^ (A.l) 

and generate the D = 10 Clifford algebra Cliff (9, 1), where A^B = 0, 1, . . . , 10 are 
frame indices. We define Fn = FoFi . . . Fg. 

For the configurations that are a warped product of AdS^ with M5, it is useful to 
decompose Cliff (9, 1) by writing 

■ 1 A.2 

where a,b = 0, 1, . . . , 4 and i,j = 1, 2, . . . , 5 are frame indices on AdS^ and M5 
respectively, and we have 

[p^/]^ = 2r/'^^ [Y,y]^ = 26'^ (A.3) 

with = diag(— 1, 1, 1, 1, 1). The satisfy P01234 = i and generate Cliff (4, 1), while 
the 7"^ satisfy 712345 = 1 and generate Cliff (5). In addition, a\ i = 1,2,3, are the 
Pauli matrices. We then have 

Fn = 1 ® 1 ® _ ^A.4) 
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Let us work out a consistent set of conventions for the various intertwiner operators 
in the relevant dimensions (see e.g. 44 ). The A-intertwiners operate as follows: 

= yt (A.5) 

and can be chosen to be Hermitian: 

A\ = A,. (A.6) 
The charge conjugation matrices, or C-intertwiners, operate as follows: 

c^Wc, = (A.7) 

and in the given dimensions are all antisymmetric: 

C. = -Cj . (A.8) 
Finally, we have the following D-intertwiners 

r*^ = D^o^r^Dio DioDi, = 1 

p*'' = -D^yD^^^ I^i,4^t,4 = -1 • (A.9) 

Also recall that, by definition, Diq = CiqAJq and that Diq = TuDiq. It turns out 
that one can take the following decompositions: 

Aio = 1 (g) 1 (g> cr^ 

Cio = Ci,4®C5®a2 

Dw = Di^i® iD^(S>a^ (A.IO) 

with 

^1,4 = 1, ^^1,4 = Dii 

As = 1, C^ = D^. (A.ll) 

We now consider decomposing a D = 10 Major ana- Weyl spinor e' a,s e' = if) ® x® 
The chirality condition in D = 10 is 

Tne' = -e' (A.12) 

which implies 

a^e = -e . (A.13) 
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Moreover, e''^ = DiQe'*, which now reads 

e'^ = ® ® a^r (A. 14) 

where 

X"" = C,x* (A.15) 

and we note that ip'^'^ = —ip and x'^'^ = ~X- To impose the Majorana condition in 
D = 10, e'^ = e', we take 

e = a^e* (A.16) 

which we note is consistent with the chirahty condition aheady imposed on 6. 

We now want to construct the most general spinor ansatz that is consistent with 
minimal supersymmetry in AdS^. Since type IIB supersymmetry is parametrised by 
two D = 10 Majorana-Weyl spinors, e^, we take 

where we assume that the spinor ip satisfies 

V^V' = ^mpf^ij (A. 18) 

to ensure that supersymmetry is preserved on AdS^. Notice that ip'^ then satisfies 
this equation with m i-^ —m. Notice also that each spinor has 16 real components, 
realised as the real part of 4 complex times 4 complex components. We may then 
complexify 

e = ei+ie2 = i)®ii®0 + i)^®C2®Q (A.19) 

where = xi + iX2, ^2 = X5 + 1X2- Then 

= i)®i2®0 + i,''®Ci®0 . (A.20) 

In fact, to derive (j3.3p - (j3.8|) . we rescaled by a convenient power of the warp factor. 
Indeed the ansatz we used is: 

e = %l)®e^''^ii®e + ^^®e^''^i^^®e . (A.21) 

After substituting this into the Killing spinor equations (|2.H) . one finds a number of 
equations. 

In order to analyse the Killing spinor equations, we shall also need the following 
result. Suppose we have two complex vector spaces V and W , such that V comes 
equipped with an anti-unitary operation c, mapping v &V to v'^ &V , with {avY = 
a*v'^ Va G C, which also squares to —1: v'^'^ = —v. Then for non-zero f G V^, we 
have V ^ Wi + v'^ ^ W2 = implies that Wi = W2 = 0. To see this, first note that 
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V ® wi + v'^ ® W2 = implies that either wi = W2 = 0, or else v = av^, Wi = W2/a 
for some a G C*. Suppose the latter case holds. Taking the conjugate of v — av'^ = 
gives v'^ + a*v = 0. These two equations imply 1 + |ap = 0, which is impossible. 
Hence the result. Using this algebraic lemma one can show that the equations are 
then a sum of two terms, each of which is separately zero. 

Much of our analysis of the supersymmetry conditions ()3.3|) - fl3.8|) come from 
analysing bilinears that can be constructed from ^j. Note that there are two kinds of 
bilinears that can be constructed 

ri(n)i = X^C-\n)i (A.22) 

where we have used ^5 = 1, defined C = = and 7(„) is the antisymmetrised 
product of n gamma matrices. For convenience we record once again, for reference: 

= -C (A.23) 



and 



1' = 



C-^^'C = 7^^ . (A.24) 
Finally we note that the Fierz identity for Cliff (5) reads: 

66^3^4 = ^^1^4^36 + \^llmU3l"'^2 - ^ei7mne4e37'""6 • (A.25) 

B Algebraic conditions satisfied by the bilinears 

There are a number of algebraic conditions satisfied by the various bilinears that we 
use in the main text that can be derived using Fierz identities. However, we find 
it most useful to construct them using a convenient basis of 7-matrices of Cliff (5). 
Specifically, we start by taking 

2 I'O 1 



7 = ( 1 ) ® ^ (^-^^ 



7'^=(l 

where = — icr" and a"' are the Pauli matrices. The intertwiner 7*™ = D'^j^^D, 
used in the definition ^'^ = DC,*, is given by D = 1 ® — icr^. The corresponding basis 
of one- forms are labelled e*. 



-1 
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We write the two spinors as = Si®6i. We demand that the two vectors, and 
defined in (j3.1Up are chosen to he in the (e^-e^)-plane. This requires ^i'j^'^i = 
and constrains the Sj. If in addition we require to be paraUel to we find 



sint7Sin0y y^cost/smi 
where, without loss of generahty, we have 6i6i = 1. Note that we have imposed ()3.13|) : 

66 + 66 = 2 . (B.3) 

One then finds that the 6 and functions are related to the scalar bilinears sin 6 
Z and S defined in fl3.10|) . by 

sin ( = cos 29 cos 20 

Z = sin 2^ cos 20 ^2^1 (B.4) 
S = sin 2^ cos 20 e^^^i ■ 

The vectors defined in ()3.10|) are given by 

K5 = (cos 20) 

K4 = (cos 2e)e^ - (sin 26 sin 20)6^ 

K3 = (sin 29 6261)6^ + (cos 29 sin 20 ^2^i)e^ + (sin 20)^2ra^i e" ^ ' ' 

K = (sin 2^ 9i92)e^ + (cos 2^ sin 20 ^J^2)e^ - (sin20)^^r„^2 . 

It is similarly straightforward to write out the two-forms. In particular, we find 

W = Z(csc 29 tan 20) e^^ + (cos 29 sin 20 - sin 29 e^) A 92Ta9i e" 

+ i(sin 29 cos 20)e^b,^2r"^i e'^'' . (B.6) 

We then find that Re[iZ*iy] = implies Z = as claimed in the text. 

We now put Z = by setting 9i92 = 0. Choosing K3 to suitably lie just within 
the (e^-e"^) -plane, we can choose 

and hence 



4 .„3^ (B.8) 



/sTs = (cos 20) 

K4 = {cos29)e^ - (sin2^sin20)e^ 
= (sin20)(e^-ie' 
g-2iaj^ = (sin2^)e^ + (cos2^sin20)e2 - i(sin20)e^ 
where 9^92 = e^'", which is the phase of S, so that the scalars are now given by 

sin ( = cos 29 cos 

S* = — sin 29 cos 20 e 



(B-9) 
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Similarly, the two-forms are 



[/ = - sin 26 sin 20 e'^ - cos 29 e^^ + cos 29 cos 20 e'^^ 

y = - cos 20 e^^ + e^^ (B.IO) 
W = (cos 2^ sin 20 - sin 2^ + i sin 29 cos 20 e^) A (e^ - ie^) 

and this leads to a quick derivation of ()3.40j) . 



C Absence of solutions with linearly dependent 
and ^ 

Let us consider the possibility 

6 = <i + < (C.i) 

for some functions u, v, which defines a local SU{2) structure in five dimensions. 
We will use the conditions ()3.22|1 and ()H.2H|1 that can be derived directly from Fierz 
relations and in particular do not rely on any aspects of the identity structure that we 
considered in the text. We also use the differential conditions ()3.17p - ()3.20|) . Recall 
from section 3.2 that we can then deduce ()3.25p and Re[iZ*iy] = 0. 
A calculation shows that Re[iZ*iy] = implies that 

2|«|'ei7{2)6 + uv*eili2)^i + w*<i7{2)e? = . (C.2) 

In the special case that f = we deduce, for non-trivial .^i, that u = and we return 
to the Sasaki-Einstein case analysed just before the start of section 3.1. We continue, 
therefore, with v 0. To proceed we derive the following expression for V: 

V = -^^^^^^iei7(2)ei . (C.3) 
Next observe that K = —SK^ and using ()3.15|) we get 

- SimXs = d[ln(e^^S)] (C.4) 
and hence dK^ = 0. We also have = sin^J^s and then using ()3.37|) we get 

e'^K, = -^K, . (C.5) 
Am 

From ()3.19|) we then conclude that V" = 0. However, from ()C.3|) we see that this is 
not possible unless = 0. 
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D Integrability of IIB supersymmetry conditions 

Writing the variation of the gravitino appearing in ()2.1|) as 5ipM = T^m^i we calculate 
that 



where 



I ^ I TP R1R2 TP -PS1S2S3S4 r)Tp , RlRlR-A TP , ^5152^^ 

+ J^\^MNSi ^ S2S3S4R1R2'- — ^-r[M|Si| ^ N]S2RiR2R3'- ) 

^ ( V SiS2S3S4S5Sey^ (-1* Qp S\S2S-iS4(-^ R^* 



9216 

+ 12T[m'''^'^'''^G^^s,S2G*s,S4Ss - 6r[M^^^^^^^*^^G|5,5253|G:v]5455 

+ ISFm^v^^^^G^.^^^^G^,^,^, + S6T^m'''^'^G\s,s2\''G%^SsR 

j_ 70V, SiS2Ss/^ R/^* I 7op5iS25354^ r^* 

+ (ZL[M '^N]Si '-'S2S3R+ '"^^ ^[M|5i52|'-^Ar]5354 

1 Qp5i525354 ry* I 1 Qp5i525354/^ /^* 

- i8i <-^5i5253<-^A/AfS4 + '^MNSi<^S2S-iS4 

_L RF r'RiR2R?,r'* 70V, RiR2ry* 

+ t)iA/Artj '^RiR2R3 ~ '^^ [I^I '^N] '^SRiR2 

+ 36r[M"^G'|s|^'^^G^]Rji{2 - 288r'^''^^G[M|5i|^G'^]52iJ 

iry|p5i52/<^ i?^* _i_ e.A-pSiS2r-< Rr-f* 

- i)4i (JS1S2 '^MNR + (-TMAf <-^5i52i? 

- 144G[M^^^^G^]^,«J (D.2) 



and 



1 



RjP v^^^'i-^'A^i J- P,n , R1R2 TP -p S1S2S3 

- -j^^gg [O^MN ^RSiS2S3S4'- + Otj[A/ ^RiR2SiS2S3'- N] 

- s^^^^^ F[M\RiR2S2S3\^ N]^^^'^^'^ - QGs^S2^PmNRS3S4^^^^^^^^'^ 

— 12G[M^^^^ Fj^]RiR2SiS2^^^^^ + '^G^'^^^^'^F^M\RiR2R3S\^Nf 

+ ^G''^''''''Fmnrm) (D.3) 

and we have used the self-duality of F. Note that this result is consistent with that 
in US]. 
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Setting this to zero, contracting with 8T^ we deduce that 
2 [ — Rms + PmPs + PsPli + '^Pm^^^^^^^'^ FSR1R2R3R4 

+ q['^M LrsRiRi + '^S ^MRiR2-q9MS^ ^RiR2R3>\^ ^ 

*io [dF ~'-G^ G*]s,s2S3sjM''''''''e + ^ [dF -'-G^ G*]Ms,S2S,T''''''e 
-^{DG + PA G*)s,s2S,sjM''''''''e'' + ^(DG + P A G*)Ms,S2S,r '''''' e'' 

--^iP'RG^SiS2 + qGr^r^r^^^F^^^^^^ S1S2 - P^G\g^^Y M^^^'^f^" 

+^{DrG^ms + qGrj^b.2R^F^^^^^^ms - P^GljgR)T^e'' 

= -Y^Gks2S.3^M'^'^'^S\ + ^Gl,s,s2^'^'^S^ + UPmSX* . (D.4) 
Similarly, again using the self-duality of F, a calculation reveals that 

KDmP'' + LG''^''-''^GMMisy + iD[s,Ps2]^''''e'^ 

+ -{DmG^^ S1S2 ~ PmG*^^ S1S2 + 7:FsiS2MiM2M3G^'^^^^^^)T^'^^^e 

= r^DsSX - ^T'^'^^^'^'^'^^^Fs,s2S,s,s,S\ - iT^'T'Ps6rM 

-^r''r'^'^''Gs,s2sMM . (D.5) 

Suppose we have a supersymmetric configuration satisfying SipM = 6\ = 0. If we 
demand that it also satisfies the equation of motion and the Bianchi identity for G, 
the Bianchi identity for P and the Bianchi identity for the self-dual five-form F, then 
we conclude from ()D.5|) that the equation of motion for P is automatically satisfied 
and from ()D.4jl that 

EMsT'e = (D.6) 

where Ems = is equivalent to Einstein's equations. Now the vector bilinear, K^^ = 
eT^^e that can be constructed from a spinor of Spin{9, 1) is null. We can use it to 
set up a frame 

ds^ = 2e+e" + e'^e" (D.7) 

for a = 1, ... ,9 with K, as a one-form, equal to e"*". Following the argument of section 
2.3 of we conclude that ()D.6|) imphes that the only component of Ems that is not 
automatically zero is which thus is the only extra condition that needs to be 

imposed in order to get a full supersymmetric solution to the equations of motion. 
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For the class of solutions considered in the text, we have = 0. To see this, 
we first note that the spinor ansatz ()A.21|) implies that the vector K^^ only has non- 
vanishing components in the AdS^ directions. Next we observe that the Ricci tensor 
of the ten-dimensional metric has components in the AdS^ directions given by 

i?/.. = -gA'^m^ + 8(VA)2 + V'A) (D.8) 

where g is the metric on AdS^. In addition the right hand side of the Einstein equation 
in ()2.1|) is also proportional to g. Since (7++ = 0, in the frame ()D.7|) . we conclude 
that Ej^j^ = is trivially satisfied. 



E Central charges 

Recall that the central charge of the conformal field theory dual is determined by the 
five-dimensional Newton's constant |4^. The type IIB action takes the form 



S = ^ I VG[RiG) + ...] , (E.l) 



where G is the ten-dimensional metric. Assuming M = M4 1 x M5 and using our 
warped-product ansatz we get 

S = 7^ f v^e«^ / [Ri9E) + 12m2 . . . ] , (E.2) 

where gE and g^ are the metrics on M4 1 and M5 respectively. The m? term in the 
integrand appears since our AdS^ metric on M41 is normalised so that Ric((7£;) = 
—Aim?gE- We will also need the quantisation condition on the five-form which reads 

F-)-A^G* =coN^:, (E.3) 

Ms ^ 

where A^ds is the number of Z^S-branes and Cq is a constant the precise form of which 
we will not need. 

Let us first consider the simplest case of where M5 is Sasaki-Einstein. We then 
have e*^^ = (//4m)^, and the quantisation condition gives / = cqA^ds^^/ vol'(M5) 
where vol'(M5) is the volume of the Sasaki-Einstein metric normalised so that Ric(5'5) = 
4(75. In particular vol'(S'^) = vr^. Thus the type IIB dimensionally reduced action 
reads 

^^Tg^L ^/9^[R(9E) + I2m'...] , (E.4) 



where 
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Next we consider the special class of solutions that we discussed in section 5. We 
first observe 



noting the remarkable fact that the integrand can be trivially integrated. Equally 
remarkable is the fact that the quantisation condition on the flux also takes a simple 
form. To carry out the integral, we first observe that a two-form potential for the 
three-form flux G is given by 

1 / f \ h^/'^(n^ — 1 — A^'lVa 
^ = (-dA + ,AdV) A (E,7) 

It is then straightforward to deduce that 

r' = 07.^\ M I 5A(/^V/)dAdV^di/aiAa2. (E.8) 
27 X Sm^coA/^Ds J ku 



Substituting this into ()E.6|) gives an analytic expression for the Newton's constant 
for this class of solutions. 

We finally focus on the local solutions that we found numerically that include the 
PW solution as a special case. In particular < A < Ac with h{Xc) = and g{0) = 1. 
In this case we get 

For the numerical solutions, af + gives the round metric on S"^ so / (Xi A (T2 = 47r, 
while dtp f\(iy = 2d(5Ad7' and so when integrated contributes a factor of IGvr^/ (2— p). 
Recall that h{0) = 2/p and that the value of p is determined by Ac which specifies 
the numerical solution and that for the PW solution we have p = 1. 

As a check on these formulae we can calculate the ratio of the central charges of 
the theories dual to AdS:^ x and the PW solution. We get 

^ = - (E.IO) 
Gf 27 ^ ^ 

in agreement with PU] . 

More generally, the expression ()E.9|) shows that the ratio of central charges of two 
solutions in our new family of local solutions depends on the ratio of their values of 
1/|3^(2 — p). As this is not constant it indicates that the local solutions could not 
possibly represent exactly marginal deformations of the PW solution. Furthermore, 
if the local solutions were to somehow make physical sense, some restrictions on p 
would have to be imposed to ensure an algebraic central charge as implied by the 
general results on a-maximisation 
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